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PREFACE

The series of manuals on techniques describes procedures for planning and
executing specialized work in water-resources investigations. The material is grouped
under major subject headings called books and further subdivided into sections and
chapters. Section A of Book 6 is on ground-water modeling.

Provisional drafts of chapters are distributed to field offices of the U.S. Geological
Survey for their use. These drafts are subject to revision because of experience in use
or because of advancement in knowledge, techniques, or equipment. After the
technique described in a chapter is sufficiently developed, the chapter is published and
is for sale by the Books and Open-File Reports Section, U.S. Geological Survey,
Federal Center, Box 25425, Denver, Colorado 80225.

Reference to trade names, commercial products, manufacturers, or distributors in
this manual constitutes neither endorsement by the U.S. Geological Survey nor
recommendation for use.
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A MODULAR THREE-DIMENSIONAL FINITE-DIFFERENCE GROUND-WATER FLOW MODEL
By Michael G. McDonald and Arlen W. Harbaugh
ABSTRACT

This report presents a finite-difference model and its associated
modular computer program. The model simulates flow in three dimensions.
The report includes detailed explanations of physical and mathematical
concepts on which the model is based and an explanation of how those concepts
are incorporated in the modular structure of the computer program. The
modular structure consists of a Main Program and a series of highly
independent subroutines called "modules." The modules are grouped into
"packages." Each package deals with a specific feature of the hydrologic
system which is to be simulated, such as flow from rivers or flow into
drains, or with a specific method of solving linear equations which describe
the flow system, such as the Strongly Implicit Procedure or Slice-Successive
Overrelaxation.

The division of the program into modules permits the user to examine
specific hydrologic features of the model independently. This also facilitates
development of additional capabilities because new packages can be added to
the program without modifying the existing packages. The input and output
systems of the computer program are also designed to permit maximum flexibility.

Ground-water flow within the aquifer is simulated using a block-centered
finite-difference approach. Layers can be simulated as confined, unconfined,
or a combination of confined and unconfined. Flow associated with external
stresses, such as wells, areal recharge, evapotranspiration, drains, and
streams, can also be simulated. The finite-difference equations can be
solved using either the Strongly Implicit Procedure or Slice-Successive
Overrelaxation.

The program is written in FORTRAN 77 and will run without modification
on most computers that have a FORTRAN 77 compiler. For each program module,
this report includes a narrative description, a flow chart, a list of variables,
and a module listing.

1-1



CHAPTER 1
INTRODUCTION
Purpose
Since their inception, the two- and three-dimensional finite-difference

models described by Trescott (1975), Trescott and Larson (1976), and Trescott,
Pinder, and Larson (1976) have been used extensively by the U.S. Geological
Survey and others for the computer simulation of ground-water flow. The
basic concepts embodied in those models have been incorporated in the model
presented here. The primary objectives in designing a new ground-water
flow model were to produce a program that could be readily modified, was
simple to use and maintain, could be executed on a variety of computers
with minimal changes, and was relatively efficient with respect to computer

memory and execution time.

The model program documented in this report uses a modular structure
wherein similar program functions are grouped together, and specific compu-
tational and hydrologic options are constructed in such a manner that each
option is independent of other options. Because of this structure, new
options can be added without the necessity of changing existing subroutines.
In addition, subroutines pertaining to options that are not being used can
be deleted, thereby reducing the size of the program. The model may be
used for either two- or three-dimensional applications. Input procedures
have been generalized so that each type of model input data may be stored
and read from separate external files. Variable formatting allows input
data arrays to be read in any format without modification to the program.
The type of output that is available has also been generalized so that

the user may select various model output options to suit a particular



need. The program was originally written using FORTRAN 66 (McDonald and
Harbaugh, 1984). It has subsequently been modified to use FORTRAN 77.
This report documents the FORTRAN 77 version. The program is highly
portable; it will run, without modification, on most computers. On some
computers, minor modification may be necessary or desirable. A discussion

about program portability is contained in Appendix A.

The major options that are presently available include procedures to
simulate the effects of wells, recharge, rivers, drains, evapotranspiration,
and "general-head boundaries". The so]ution)a]gorithms available include two
iteration techniques, the Strongly Implicit Procedure (SIP) and the Slice-

Successive Overrelaxation method (SSOR).

Organization of This Report

The purpose of this report is to describe the mathematical concepts
used in this program, the design of the program, and the input needed to
use the program. The program has been divided into a main program and a
series of highly independent subroutines called modules. The modules, in
turn, have been grouped into "packages." A package is a group of modules
that deals with a single aspect of the simulation. For example, the Well
Package simulates the effect of wells, the River Package simulates the
effect of rivers, and the SIP Package solves a system of equations using
the Strongly Implicit Procedure. Many of the packages represent options
which the user may or may not have occasion to use. Each of the packages

is described in a separate chapter of this report. Two preliminary chapters
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describe topics relating to the overall program; Chapter 2 derives the
finite~-difference equation that is used in the model and Chapter 3 describes - ‘
the overall design of the program. Chapter 14 describes utility modules |
that are used by various packages to perform special tasks. Appendices A-E

cover topics relating to the operation of the model.

Chapters 4 through 13 describe individual packages. The description
of each package consists of (1) a section entitled "Conceptualization and
Implementation," (2) input instructions for the package, and (3) documenta-
tion of the individual modules contained in the package. The Conceptualiza-
tion and Implemementation section describes the physical and mathematical
concepts used to build the package. For example, in the chapter describing
the River Package, an equation is derived which approximates flow through a
riverbed, and a discussion is provided to show how that equation can be
incorporated into the finite-difference equation. Chapters 12 and 13 des- .

cribe the solution procedures currently available in the model.

The input instructions in Chapters 4 through 13 are presented in terms of
input "items." An item of input may be a single record or a collection of
similar records, or it may be an array or a collection of arrays.(In the model
described herein, three-dimensional arrays are always read as a collection of
two-dimensional arrays, one associated with each model layer.) The input
section in each chapter presents a list of the input items associated with
the package described in that chapter; the entries in this Tist are numbered,
and generally consist of two lines (sometimes followed by a note or comment).
For items which consist of a single record or a group of similar records,
the first line in the entry gives the names of the fields comprising the
records, while the second Tine shows the format of those fields, in standard ‘

FORTRAN notation. For an input item which consists of an array, the first
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line of the entry gives the name of the array, while the second line gives
the name of the utility module which reads the array. Further details

concerning utility modules are provided in Chapter 14.

For most of the packages, the list of input items is subdivided into
two major sections. One of these falls under the heading "FOR EACH SIMULATION"
and includes all items for which only one entry is needed in each simulation;
the other falls under the heading "FOR EACH STRESS PERIOD", and includes
those items for which several entries may be needed in each simulation (for
example, pumping rate, which may change with time during the period repre-
sented in a simulation). These major sections of the input list are further
subdivided by headings which indicate the modules (subroutines) which read
the item, or, in the case of an array, which call a utility subroutine to
read the array. Input items that are printed entirely in capital letters
are used as FORTRAN variables or arrays in the model program; input items
which appear in mixed upper and lower case print are terms used in the
instructions to describe the input fields or procedures, and do not appear
in the model itself as FORTRAN variables. Chapter 4, which describes the
Basic Package, includes two lists of input items; one of these describes
input which is always required, while the other describes input associated

with the optional "output control" section of the Basic Package.

An explanation of input fields is presented following the list of in-
put items in Chapters 4 through 13. This explanation is followed in most
cases by a sample input for the package under consideration. In Chapter 4,
again, the input items associated with the output control option are treated

separately; thus an independent explanation of fields and sample input are
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provided for output control.

In each simulation, the user must designate which of the options of
the program are to be utilized, and must indicate the file from which the
input for each option is to be read. This is done through a one-dimensional

array, IUNIT; the entries in this array are the unit numbers associated

with the required files by the computer operating system. A location in
the IUNIT array is given at the beginning of the input sections in Chapters
5 through 13, and at the beginning of the input discussion for "output
control" in Chapter 4. If the option is to be utilized, the user must
enter, in the designated IUNIT array location, the unit number of the file
or channel through which input for the option is to be read; if the option

is not required a zero is entered in this location. Further discussion of

the IUNIT array is provided in Chapters 3 and 4.

Following the input section in Chapters 4 through 13, each chapter
provides a documentation of the modules making up the associated package.
This documentation consists of'a list of the modules in the package, followed
by detailed descriptions of each of the modules. The detailed description
of a module generally contains four documents: (1) a narrative description
of the module, (2) a flow chart of the module, (3) a FORTRAN listing of the
module, and (4) a list of the variable names which are used in the module.
For very simple modules, the flow chart is omitted. The narrative description
is a numbered list of the functions performed by the module showing the
order in which they are performed. The flow chart is a graphic equivalent
of the narrative. The blocks in the flow chart are numbered with the same
numbers used in the narrative so that the two documents can be cross referenced.

An explanation of terms used in the flow chart is contained on the sheet
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with the flow chart. The program listing contains comments with numbers
corresponding to those used in the flow charts and the narratives. The
fourth record of the listing contains a comment showing the time and day
that the module was last modified. The list of variables shows the name,
range, and definition of every variable used in the module. If the variable
is used only in that module, its range is given as "Module"; if it is used
in other modules of the package, but not outside the package, its range is
given as "Package"; if it is used in the modules of more than one package,

its range is given as "Global."

To summarize the organization of this report, Chapters 2 and 3, and
the "Conceptualization and Implementation" section of Chapter 4, provide
discussions relevant to the overall design and functioning of the program;
the formulation of coefficients representing flow within the aquifer is
discussed under "Conceptualization .and Implementation” in Chapter 5; Chapters
6 through 11 provide discussions of particular external sources or sinks
and their representation in the model; and Chapters 12 and 13 discuss the
operation of particular solvers for the systems of finite difference equa-
tions generated in the model. Input instructions for each package are
provided in the relevant chapter; a discussion of input for utility modules
is provided in Chapter 14. The appendices provide a sample problem, abbrevi-
ated input instructions, and discussions of certain computer-related topics.
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CHAPTER 2
DERIVATION OF THE FINITE-DIFFERENCE EQUATION

Mathematical Model

The three-dimensional movement of ground water of constant density through

porous earth material may be described by the partial-differential equation

S kel + o (Kyyat) + 2o (Kyzor) = W = Seor (1)
Ay 9 X Yy oy 9z ¥4 ot
where
Kxxs Kyy and Kz; are values of hydraulic conductivity along the x, y,
and z coordinate axes, which are assumed to be parallel to the
major axes of hydraulic conductivity (Lt-1);
h 1is the potentiometric head (L);
W 1is a volumetric flux per unit volume and represents sources and/or
sinks of water (t-1);

(

S. is the specific storage of the porous material (L™!); and

s
t is time (t).

For a derivation of equation (1) see for example Rushton and Redshaw (1979).

In general, S5, Kxx, Kyy, and Kzz may be functions of space (Sg = Ss(x,¥,2),

Kxx = Kxx(x,¥,2), etc.) and W may be a function of space and time (W =

W(x,y,z,t)); equation (1) describes ground-water flow under nonequilibrium

conditions in a heterogeneous and anisotropic medium, provided the principal

axes of hydraulic conductivity are aligned with the coordinate directions.

Equation (1), together with specification of flow and/or head conditions
at the boundaries of an aquifer system and specification of initial-head
conditions, constitutes a mathematical representation of a ground-water flow
system. A solution of equation (1), in an analytical sense, is an aﬁgebraic

expression giving h(x,y,z,t) such that, when the derivatives of h with
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respect to space and time are substituted into equation (1), the equation and .
its initial and boundary conditions are satisfied. A time-varying head

distribution of this nature characterizes the flow system, in that it measures

both the energy of flow and the volume of water in storage, and can be used

to calculate directions and rates of movement.

Except for very simple systems, analytical solutions of equation (1) are
rarely possible, so various numerical methods must be employed to obtain
approximate solutions. One such approach is the finite-difference method,
wherein the continuous system described by equation (1) is replaced by a finite
set of discrete points in space and time, and the partial derivatives are
replaced by terms calculated from the differences in head values at these
points. The process leads to systems of simultaneous linear algebraic
difference equations; their solution yields values of head at specific
points and times. These values constitute an approximation to the time-varying ‘
head distribution that would be given by an analytical solution of the

partial-differential equation of flow.

The finite-difference analog of equation (1) may be derived by applying
the rules of difference calculus; however, in the discussion presented here,
an alternative approach is used with the aim of simplifying the mathematical
treatment and explaining the computational procedure in terms of familiar

physical concepts regarding the flow system.

Discretization Convention

Figure 1 shows a spatial discretization of an aquifer system with a mesh
of blocks called cells, the locations of which are described in terms of

rows, columns, and layers. An i,j,k indexing system is used. For a system ‘
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Columns (J)

Rows (I)

Layers (K)

Explanation

———— Aquifer Boundary
] Active Cell
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Ary Dimension of Cell Along the Row Direction Subscript (J) Indicates the Number of the Column
Ac Dimension of Cell Along the Column Direction. Subscnipt (1) indicates the Number of the Row

Avyg Dimension of the Cell Along the Vertical Direction. Subscript (K) Indicates the Number of the Layer

Figure 1.—A discretized hypothetical aquifer system.
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consisting of "nrow" rows, "ncol” columns, and "nlay" layers, i is the row
index, i = 1,2,. . . nrow; j is the column index, j = 1,2,. . . ncol; and k
is the layer index, k = 1,2,. . . nlay. For example, figure 1 shows a
system with nrow = 5, ncol = 9, and nlay = 5. In formulating the equations
of the model, an assumption was made that layers would generally correspond
to horizontal geohydrologic units or intervals. Thus in terms of Cartesian
coordinates, the k index denotes changes along the vertical, z; because the
convention followed in this model is to number layers from the top down, an
increment in the k index corresponds to a decrease in elevation. Similarly
rows would be considered parallel to the x axis, so that increments in the
row index, i, would correspond to decreases in y; and columns would be
considered parallel to the y axis, so that increments in the column index,
J, would correspond to increases in x. These conventions were followed

in constructing figure 1; however, applications of the model requires only
that rows and columns fall along consistent orthogonal directions within
the layers, and does not require the designation of x, y, or z coordinate

axes,

’

Following the conventions used in figure 1, the width of cells in the
row direction, at a given column, j, is designated Arj; the width of cells
in the column direction at a given row, i, is designated Acj; and the thick-
ness of cells in a given layer, k, is designated Avik. Thus a cell with

coordinates (i,j,k) = (4,8,3) has a volume of ArgAcgavs.
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Within each cell there is a point called a "node" at which head is
to be calculated. Figure 2 illustrates, in two dimensions, two conventions
for defining the configuration of cells with respect to the location of
nodes--the block-centered formulation and the point-centered formulation.
Both systems start by dividing the aquifer with two sets of parallel lines
which are orthogonal. In the block-centered formulation, the blocks formed
by the sets of parallel lines are the cells; the nodes are at the center
of the cells. In the point-centered formulation, the nodes are at the
intersection points of the sets of parallel lines, and cells are drawn
around the nodes with faces halfway between nodes. In either case, spacing
of nodes should be chosen so that the hydraulic properties of the system
are, in fact, generally uniform over the extent of a cell. The finite-differ-
ence equation developed in the following section holds for either formulation;
however, only the block-centered formulation is presently used in the

model.

In equation (1), the head, h, is a function of time as well as space so
that, in the finite-difference formulation, discretization of the continuous

time domain is also required.

Finite-Difference Equation

Development of the ground-water flow equation in finite-difference form
follows from the application of the continuity equation: the sum of all flows
into and out of the cell must be equal to the rate of change in storage
within the cell. Under the assumption that the density of ground water is

constant, the continuity equation expressing the balance of flow for a cell is

Ah
£Qj = SS--AV (2)
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Figure 2.—Grids showing the difference between block-centered
and point-centered grids.
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where

Q; is a flow rate into the cell (L3t71);

SS has been introduced as the notation for specific storage in the
finite-difference formulation; its definition is equivalent to
that of Sg in equation (1)--i.e., it is the volume of water which
can be injected per unit volume of aquifer materia1 per unit change
in head (L-!);

AV is the volume of the cell (L3); and

Ah is the change in head over a time interval of length aAt.

The term on the right hand side is equivalent to the volume of water
taken into storage over a time interval At given a change in head of Ah,
Equation (2) is stated in terms of inflow and storage gain. Outflow and loss
are represented by defining outflow as negative inflow and loss as negative

gain,

Figure 3 depicts a cell i,j,k and six adjacent aquifer cells i-1,j,k;
i+l,j,k; i,j-1,k; i,j+1,k; i,j,k-1; and i,j,k+l. To simplify the following
development, flows are considered positive if they are entering cell i,j,k;
and the negative sign usually incorporated in Darcy's law has been dropped from
all terms. Following these conventions, flow into cell i,j,k in the row

direction from cell i,j-1,k (figure 4), is given by Darcy's law as
(hi,j-1,k = hi,j,k)
qi,j-1/2,k = KRj, j-1/2,kACjAVk=mmmmmmmmmmccnccaun (3)
where
hi,j,k is the head at node i,j,k, and hi,j-l,k that at node i,j-1,k;
dj,j-1/2,k is the volumetric fluid discharge through the face between

cells i,j,k and i,j-1,k (L3t-1);
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KRj,j-1/2,k is the hydraulic conductivity along the row between nodes
i,J.k and i,j-1,k (Lt~1);
AcjAvk is the area of the cell faces normal to the row direction; and

Arj.1/2 is the distance between nodes 1i,j,k and i,j-1,k (L).

Although the discussion is phrased in terms of flow into the central
cell, it can be misleading to associate the subscript j-1/2 of equation (3)
with a specific point between the nodes. Rather, the term KRj j-1/2,k of
equation (3) is the effective hydraulic conductivity for the entire region
between the nodes, normally calculated as a harmonic mean in the sense
described by, for example, Collins (1961). If this is done, equation (3)
gives the exact flow, for a one-dimensional steady-state case, through a
block of aquifer extending from node i,j-1,k to node i,j,k and having a

cross sectional area ACjAvke. :

Similar expressions can be written approximating the flow into the cell
through the remaining five faces, i.e., for flow in the row direction through

the face between cells i,j,k and i,j+1,k,

Qi,§+1/2,k = KR{,j+1/2,kAC AVg=====n==mmmcocmonns (4)

9i+1/2,5,k = KCi+1/2,3,k80jMkmmmmmmmomnesmmmoes (5)




For the vertical direction, inflow through the bottom face is

(hi,j,k+1 = Mi,j,k)
qi,j,k+1/2 = KVi,j,k+1/2 ArjACj=mm==mnmmmamnmosann (7)
AVik+1/2

while inflow through the upper face is given by

A4, ,k=1/2 = KVi,j,k=1/2BFjACj=m==mmmnmmmmmncnann - (8)

Each of equations (3)-(8) expresses inflow through a face of cell i,j,k in terms
of heads, grid dimensions, and hydraulic conductivity. The notation can

be simplified by combining grid dimensions and hydraulic conductivity into

a single constant, the "hydraulic conductance" or, more simply, the “conduct-

ance." For example,
Rj,j-1/2,k = KRj j-1/2 kACiAVK/ATj-1/2 (9)
where

(Rj,j-1/2,k is the conductance in row i and layer k between nodes

.i’j"l,k and i’j’k (th-l)c

Coﬁductance is thus the product of hydraulic conductivity and cross-sectional
area of flow divided by the length of the flow path (in this case, the

distance between the nodes.)



Substituting conductance from equation (9) into equation (3) yields

9i,j-1/2,k = CRy, j-1/2,k(hi -1,k = hi,j,k) (10)
Similarly, equations (4)-(8) can be rewritten to yield

aj,j+1/2,k = CRi,j+1/2,k(hi, 541,k = i, j,k) (11)

9i-1/2,3,k = CCi-1/2,5,k(hi-1,5,k - Ni,j,k) (12)

9i+1/2,3,k = CCi+172,5,k(Mi+1,5,k - Pi,j,k) (13)

9i,j,k-1/2 = CVi,j,k-172("i,j,k-1 = Ni,j,k) (14)

9i,3,k+1/2 = CVi,j,k+1/2Chi, 5 k+1 = i, §,k) (15)

where the conductances are defined analogously to CRj j-1/2,k in equation (9).

Equations (10)-(15) account for the flow into cell i,j,k from the six
adjacent cells. To account for flows into the cell from features or pro-
cesses external to the aquifer, such as streams, drains, areal recharge,
evapotranspiration or wells, additional terms are required. These flows
may be dependent on the head in the receiving cell but independent of all
other heads in the aquifer, or they may be entirely independent of head in
the receiving cell. Flow from outside the aquifer may be represented by
the expression

ai,j,k,n = Pi,j,k,nMi, 3,k * 9i,5,k,n (16)
where

i j.k,n represents flow from the nth external source into cell i,J,.k

(L3t71), and p; ik.n and q; j,k,n are constants ((L2t~1) and (L3t"1),

respectively).

_For example, suppose a cell is receiving flow from two sources, recharge

from a well and seepage through a riverbed. For the first source (n=1),
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since the flow from the well is assumed to be independent of head, pi, j, k,1

is zero and qj j,k,1 is the recharge rate for the well. In this case,

3i,3,k,1 = 91,3,k,1- (17)

For the second source (n=2), the assumption is made that the stream-
aquifer interconnection can be treated as a simple conductance, so that
the seepage is proportional to the head difference between the river stage

and the head in cell i,j,k (figure 5); thus we have

2i,j,k,2 = RIVi j,k,2(Ri,j,k = hi,j,k) (18)

where Rj j k is the head in the river (L) and RIVj j,k,2 is a conductance
(L2t=1) controlling flow from the river into cell i,j,k. For example, in

the situation shown schematically in figure 5, CRIV would be given as the
product of the vertical hydraulic conductivity of the riverbed material and the
area of the streambed as it crosses the cell, divided by the thickness of the

streambed material. Equation (18) can be rewritten as

ai,j,k,2 = = RIVj j k,2hi,j,k * RIVj j,k,2Ri,j,ke (19)

The negative conductance term, -(RIVj j k,2 corresponds to pj, j,k,2 of
equation 16, while the term (RIVy j Kk, 2Rj,j,k corresponds to qi j k,2-
Similarly, all other external sources or stresses can be represented by an
expression of the form of equation 16. In general, if there are N external
sources or étresses affecting a single cell, the combined flow is expressed
by

N N N

QSi,j,k = Tai,j,k,n = IPi,j,k,n Ni,j,k * Z9i,j,k,n (20)
n=1 n=1 n=1

Defining Pi,j,g and Qj,j,k by the expressions
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N
Pi,j,k = TPi,j,k,n and
n=1

=

Qi,j,k Qi,j,k,ns

=%
n=1
the general external flow term for cell i,j,k is
QSi,j,k = Pi,j,khi,3.k *+ Qi,3,ke (21)
Applying the continuity equation (2) to cell i,j,k, taking into account the
flows from the six adjacent cells, as well as the external flow rate, QS,
yields

q1 ’j'l/zak + q19J+1/23k + q1'1/2:\]3k + q1+1/29\],k

Ahj’ ,k
+4i,j,k-1/2 * 9i,j,k+1/2 * QSi,j,k = SSi,j,k-==--- -ArjACiA vk
At (22)
where
Ahi .k o ) o o
------- is a finite-difference approximation for the derivative of head

with respect to time (Lt-1);
SS; i,k represents the specific storage of cell i,j,k (L™1); and
Arjaciavg is the volume of cell 1,j,k (L3).

Equations (10) through (15) and (21) may be substituted into equation (22) to

give the finite-difference approximation for cell i,j,k as

Ri,j-1/2,k(hi,5-1,k = hi,j,k) + Ry j+1/2,k(hi j+1,k = Ni,j,k)
+ CC-1/2,5,k(hi-1,3,k = hi,j,k) + CCi+1/2,5,k(Mi+1,5,k - hi,j,k)
+ OVi,j,k-1/2(hi,j,k-1 = hi,j,k) + Vi, j,k+172(Ni j,k+1 = Di,5,k)

+ Pi,j,khi,j,k * Qi,j,k = SSi,j,k(Arjaciavi)ahy § (/At. (23)
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The finite-difference approximation for the time derivative of head,
------- must next be expressed in terms of specific heads and times. Figure

6 shows a hydrograph of head values at node i,j,k. Two values of time are
shown on the horizontal axis: tpy, which is the time at which the flow terms
of equation (23) are evaluated; and tp.1, a time which precedes tp. The head
values at node i,j,k associated with these times are designated by superscript
as h?,j’k and h?:§’k, respectively. An approximation to the time derivative
of head at time tp is obtained by dividing the head difference h?’j’k - hT:§,k
by the time interval tp-ty-1; that is,
m m-1

Aadiky s Mgk T Mgk
Thus the hydrograph slope, or time derivative, is approximated using the
change in head at the node over a time interval which precedes, and ends with,
the time at which flow is evaluated. This is termed a backward-difference
approach, in that Ah/At is approximated over a time interval which extends
backward in time from ty, the time at which the flow terms are calculated.
There are other ways in which Ah/At could be approximated; for example,
we could approximate it over a time interval which begins at the time of
flow evaluation and extends to some later time; or over a time interval which
is centered at the time of flow evaluation, extending both forward and backward
from it., These alternatives, however, may cause numerical instability--that

is, the growth or propagation of error during the calculation of heads at

successive times in a simulation.
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Figure 6.—Hydrograph for cell i,j,k.
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In an unstable situation, errors which enter the calculation for any reason
at a particular time will increase at each succeeding time as the calculation
progresses, until finally they completely dominate the result. By contrast,
the backward-difference approach is always numerically stable--that is,
errors introduced at any time diminish progressively at succeeding times.

For this reason, the backward-difference approach is preferred even though it
leads to large systems of equations which must be solved simultaneously for

each time at which heads are to be computed.

Equation (23) can be rewritten in backward-difference form by specifying
flow terms at ty, the end of the time interval, and approximating the

time derivative of head over the interval tp_y to ty; that is:

m m m m
CRy,j-1/2,k(Mi,j-1,k = Ni,j,k) + CRi j+172,k(hi j+1,k = Ni,j,k)

+ CCj-l/z,j,k(h?-l,j,k - hT,j,k) + CCi+1/z,j,k(hT+1,j,k - hT,j,k)
+ CVi,j,k-1/2(hT,j,k-1 - hT,j,k) * CVi,j,k+1/2(hT,j,k+1 - h?,j,k)
- m m-1
m (hi,i,k - Mi,j,k)

+ PiLi kM, 5,k * QiLg,k = SSi,j,k(arjaciavg)-mmmmmmmmnmmaae e, (24)

Equation (24) is a backward-difference equation which can be used as the
basis for a simulation of the partial differential equation of ground water
flow, equation (1). Like the term Qj j g, the coefficients of the various
head terms in equation (24) are all known, as is the head at the beginning
of the time step, h?:;,k' The seven heads at time tp, the end of the time
step, are unknown; that is, they are part of the head distribution to be
predicted. Thus equation (24) cannot be solved independently, since it
represents a single equation in seven unknowns. However, an equation of
this type can be written for each active cell in the mesh; and, since there

is only one unknown head for each cell, we are left with a system of “n"

equations in "n" unknowns. Such a system can be solved simultaneously.
q Yy
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’ The objective of transient simulation is generally to predict head
distributions at successive times, given the initial head distribution, the
boundary conditions, the hydraulic parameters and the external stresses.

The initial-head distribution provides a value of h;,j,k at each point in
the mesh---that is, it provides the vdlues of head at the beginning of the
first of the discrete time steps into which the time axis is divided in the
finite-difference process. The first step in the solution process is to
calculate values of h:’j,k--that is, heads at time tp, which marks the end of
the first time step. In equation (25), therefore, the head superscript m

is taken as 2, while the superscript m-1, which appears in only one head

term, is taken as 1. The equation therefore becomes

CRj,j- h2 - h2 + CRj,j h2 - h?
G312k 5T g T a2k T
+ CCy- i k(h2 - h2 + CC4 i k(h2 - h2
® e R R I N Ui L EL T R R SN L
+ CVi 3 k-1/2(h2 - h2 +CVy 5 h2 - h2
Bak1720 5y ) T 20
2
* PG, gk 04,k , ,
" (arjaciavi)(hi,j,k = hi,j,k)
= .i k ----------------------------
3 tz - t1 (25)

where again the superscripts 1 and 2 refer to the time at which the heads

are taken and should not be interpreted as exponents,
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An equation of this form is written for every cell in the mesh in
which head is free to vary with time (variable-head cells), and the system
of equations is solved simultaneously for the heads at time to. When these
have been obtained, the process is repeated to obtain heads at time t3, the
end of the second time step. To do this, equation (25) is reapplied, now
using 2 as time subscript m-1 and 3 as time subscript m. Again, a system
of equations is formulated, where the unknowns are now the heads at time
t3; and this set of equations is solved simultaneously to obtain the head
distribution at time t3. This process is continued for as many time steps

as necessary to cover the time range of interest.

It is important to note that the set of finite-difference equations is
reformulated at each time step; that is, at each step there is a new system
of simultaneous equations to be solved. The heads at the end of the time
step make up the unknowns for which this system must be solved; the heads at
the beginning of the step are among the known terms in the equations. The
solution process is repeated at each time step yielding a new array of heads

for the end of the step.
Iteration

The model described in this report utilizes iterative methods to obtain
the solution to the system of finite-difference equations for each time step.
In these methods, the calculation of head values for the end of a given time
step is started by arbitrarily assigning a trial value, or estimate, for the
head at each node at the end of that step. A procedure of calculation is
then initiated which alters these estimated values, producing a new set of
head values which are in closer agreement with the system of equations.

These new, or interim, head values then take the place of the initially

assumed heads, and the procedure of calculation is repeated, producing
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a third set of head values. This procedure is repeated successively, at each
stage producing a new set of interim heads which more nearly satisfies the
system of equations. Each repetition of the calculation is termed an
"iteration." Ultimately, as the interim heads approach values which would
exactly satisfy the set of equations, the changes produced by succeeding
stages of calculation become very small. This behaviour is utilized in

determining when to stop iteration, as discussed in a subsequent paragraph.

Thus, during the calculations for a time step, arrays of interim head
values are generated in succession, each array containing one interim head
value for each active node in the mesh. In figure 7, these arrays are
represented as three-dimensional lattices, each identified by an array symbol,
h, bearing two superscripts. The first superscript indicates the time step
for which the heads in the array are calculated, while the second indicates
the number, or level, of the iteration which produced the head array. Thus
hMs2 prepresents the array of values computed in the first iteration for the
end of step m; h™2 would represent the array of values computed in the
second iteration; and so on. The head values which were initially assumed for
the end of time step m, to begin the process of iteration, appear in the
array designated hMsO, In the example of figure 7, a total of n iterations is
required to achieve closure for the heads at the end of time step m; thus the
array of final head values for the time step is designated hMsN, Figure 7
also shows the array of final head values for the end of the preceding time
step AM-1,n (where again it is assumed that n iterations were required for
closure). The head values in this array appear in the storage term of
equation (24)--i.e., they are used in the term h?:§,k on the right side of
equation (24)--in the calculation of heads for time step m. Because they

represent heads for the preceding time step, for which computations have
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already been completed, they appear as predetermined constants in the equation
for time step m; thus they retain the same value in each iteration of the
time step. Similarly, the final values of head for time step m are used as

constants in the storage term during calculations for time step m+l,

Ideally, one would like to specify that iteration stop when the
calculated heads are suitably close to the exact solution. However, because
the actual solution is unknown, an indirect method of specifying when to
stop iterating must be used. The method most commonly employed is to
specify that the changes in computed heads occuring from one iteration
level to the next must be less than a certain quantity, termed the “closure
criterion" or "convergence criterion," which is specified by the user.

After each iteration, absolute values of computed head change in that
iteration are examined for all nodes in the mesh. The largest of these
absolute head change values is compared with the closure criterion. If
this largest value exceeds the closure criterion, iteration continues; if
it is less than the closure criterion, iteration is said to have "closed"
or "converged," and the process is terminated for that time step. Normally,
this method of determining when to stop iteration is adequate. Note that
the closure criterion refers to change in computed head, and that values of
head are not themselves necessarily calculated to a level of accuracy
comparable to the closure criterion. As a rule of thumb, it is wise to use
é value of closure criterion that is an order of magnitude smaller than the

level of accuracy desired in the head results.

The program described herein also incorporates a maximum permissible
number of iterations per time step. If closure is not achieved within this

maximum number of iterations, the iterative process will be terminated and a
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corresponding message printed in the output. The closure criterion is

designated HCLOSE in the model input, while the maximum number of iterations

per time step is designated MXITER.

The initial estimates of head for the end of time step m, in array hM,0
of figure 7, could be assigned arbitrarily, or they could be chosen according
to a number of different conventions. Theoretically, the iterative process
would eventually converge to the same result regardless of the choice of
initial head values, although the work required would be much greater for
some choices than for others. In the model described in this report, the
heads computed for the end of each time step are used as the initial trial
values of head for the end of the succeeding time step. Thus in figure 7,
the array TM-1,n contains the final estimates of head, obtained after n
iterations, for the end of time step m-1. When the calculations for step m-1
are qomp1ete, these same values of head are transferred to the array hm.0,
and used as the initial estimates, or trial values, for the heads at the end
of time step m. Head values for the end of the first time step in the
simulation are assumed initially to be equal to the heads specified by the

user for the beginning of the simulation.

Discussions of the mathematical basis of various iterative methods may
be found in many standard references, including Peaceman (1977), Crichlow
(1977) and Remson, Hornberger and Molz (1971). It is suggested that the
reader review one of these discussions, both to clarify general concepts
and to provide an introduction to such topics as the use of matrix notation,
the role of iteration parameters, and the influence of various factors on
rate of convergence. In particular, such a review is recommended prior to

reading Chapters 12 and 13 of this report.

2-24




An iterative procedure yields only an approximation to the solution of
the system of finite-difference equations for each time step; the accuracy
of this approximation.depends upon several factors, including the closure
criterion which is employed. However, it is important to note that even if
exact solutions to the set of finite-difference equations were obtained at
each step, these exact solutions would themselves be only an approximation
to the solution of the differential equation of flow (equation (1)). The
discrepancy between the head, hT,j,ks given by the solution to the system of
difference equations for a given node and time, and the head h(xi,yj,zk,tm)
which would be given by the formal solution of the differential equation
for the corresponding point and time, is termed the truncation error. In
general, this error tends to become greater as the mesh spacing and time-step
length are increased. Finally, it must be recognized that even if a formal
solution of the differential equation could be obtained, it would normally
be only an approximation to conditions in the field, in that hydraulic
conductivity and specific storage are seldom known with accuracy, and

uncertainties with regard to hydrologic boundaries are generally present.

Formulation of Equations for Solution

The model described in this report presently incorporates two diffegﬁpt
options for iterative solution of the set of finite-difference equations,
and is organized so that alternative schemes of solution may be added without
disruption of the program structure. Whatever scheme of solution is employed,
it is convenient to rearrange equation (24) so that all terms containing
heads at the end of the current time step are grouped on the left-hand side
of the equation, and all terms that are independent of head at the end of

the current time step are on the right-hand side. The resulting equation is
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m m m
CVi,3,k-1/21,5,k-1 * CCi-1/2,5,khi-1,5,k * Ri,j-1/2,khi,5-1,k
+ (-CVi,j,k-1/2 - CCi-1/2,5,k - CRi,j-1/2,k = CRi j+1/2,k
m m
- CCi+1/2,4,k = CVi,j,k+l/2 * HCOF4 5 0N 5,k + CRi,j+1/2,kNi, 541,k
m m
+ CCi+1/2,5,khi+1,3,k + CVi,j,k+1/20i,5,k+1 = RHS{ 5k (26)
where
HCOF; 5.k = Pi,j,k = SCLi j,k/(tn - tpo1)s (L2t71)
m-1 30 -1
RHS 3,k = = Q,5,k = SCli,3,khi,j,k/ (tn - tp-1)s and (LE70)
SCli,j,k = SS-i ’j’kAr‘jACiAvk. (Lz)

The entire system of equations of the form of (26), which includes one
equation for each variable-head cell in the mesh, may be written in matrix
form as

(Al {h} = {aq} (27)
where [A] is a matrix of the coefficients of head, from the left side of
equation (26), for all active nodes in the mesh; {h} is a vector of head values
at the end of time step m for all nodes in the mesh; and {q} is a vector of
the constant terms, RHS, for all nodes of the mesh. The model described in
this report assembles the vector {q} and the terms that comprise [A] through
a series of subroutines, or "modules". The vector {q} and the terms
comprising [A] are then transferred to modules which actually solve

the matrix equations for the vector {h} .
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Types of Model Cell and Simulation of Boundaries

In practice, it is generally unnecessary to formulate an equation of
the form of (24) for every cell in a model mesh, as the status of certain
cells is specified in advance in order to simulate the boundary conditions
of the problem. In the model described in this report, cells of this type
are grouped into two categories--"constant-head" cells and "inactive" (or
"no-flow") cells. Constant-head cells are those for which the head is
specified in advance, and is held at this specified value through all time
steps of the simulation. Inactive or no-flow cells are those for which no
flow into or out of the cell is permitted, in any time step of the simula-
tion. The remaining cells of the mesh, termed "variable-head" cells in
this report, are characterized by heads which are unspecified and free to
vary with time. An equation of the form of (24) must be formulated for each
variable-head cell in the mesh, and the resulting system of equations must

be solved simultaneously for each time step in the simulation.

Constant-head and no flow cells are used in the model described herein
to represent conditions along various hydrologic boundaries. For example,
figure 8 shows the map of an aquifer boundary superimposed on an array of
cells generated for the model. The aquifer is of irregular shape, whereas
the model array is always rectangular in outline; no-flow cells have there-
fore been used to delete the portion of the array beyond the aquifer boundary,
The figure also shows constant-head cells along one section of the boundary;
these may be used, for example, where the aquifer is in direct contact with
major surface water features. Other boundary conditions, such as areas of
constant inflow or areas where inflow varies with head, can be simulated
through the use of external source terms or through a combination of no-flow

cells and external source terms.
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Conceptual Aspects of Vertical Discretization

The model described in this document handles discretization of space
in the horizontal direction by reading the number of rows, the number of
columns and the width of each row and column (that is, the width of the
cells in the direction transverse to the row or column). Discretization of
space in the vertical direction is handled in the model by specifying the
number of layers to be used, and by specifying hydraulic parameters which
contain or embody the layer thickness. This approach is followed in preference
to explicit reading of layer thickness in order to accomodate two different

ways of viewing vertical discretization.

At one extreme, vertical discretization can be visualized simply as an
extension of areal discretization--a more or less arbitrary process of
dividing the flow system into segments along the vertical, governed in part
by the vertical resolution desired in the results. At the opposite extreme,
vertical discretization can be viewed as an effort to represent individual
aquifers or permeable zones by individual layers of the model. Figure 9-a
shows a typical geohydrologic sequence which has been discretized according
to both interpretations--in 9-b according to the first viewpoint, and in 9-c
according to the second. The first viewpoint l1eads to rigid superposition
of an orthogonal three-dimensional mesh on the geohydrologic system; while
there may be a general correspondence between geohydrologic layers and
model layers, no attempt is made to make the mesh conform to stratigraphic
irregulaties. Under the second viewpoint, model layer thickness is con-
sidered variable, to simulate the varying thickness of geohydrologic units;

this leads, in effect, to a deformed mesh.
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Each of these methods of viewing the vertical discretization process
has advantages, and each presents difficulties. The model equations are
based on the assumption that hydraulic properties are uniform within indivi-
dual cells, or at least that meaningful average or integrated parameters
can be specified for each cell; these conditions are more likely to be met
when model layers conform to geohydrologic units as in figure 9-c. More-
over, greater accuracy can be expected if model layers correspond to inter-
vals within which vertical head loss is negligible, and this is also more
likely under the configuration of 9-c. On the other hand, the deformed
mesh of 9-c fails to conform to many of the assumptions upon which the
model equations are based; for example, individual cells may no longer have
rectangular faces, and the major axes of hydraulic conductivity may not be
aligned with the model axis. Some error is always introduced by these

departures from assumed conditions.

In practice many vertical discretization schemes turn out to be a com-
bination of the viewpoints illustrated in figures 9-b and 9-c. For example,
even where layer boundaries conform to geohydrologic contacts, it may be
necessary to use more than one layer to simulate a single geohydrologic
unit, simply to achieve the resolution required in the results. Figure 10
shows a system consisting of two sand units separated by a clay; the units
are of uniform thickness, and each could be represented by a single layer
without deformation of the mesh. However, flow is neither fully horizontal
nor fully vertical in any of the layers; if information on the direction of
flow within each unit is required, several layers must be used to represent
each unit. Similarly, figure 11 shows a sand-clay system in which pumpage
from the sands is sustained partially by vertical flow of water released
from storage in the clay. If the objective of analysis is to determine the

pattern of storage release in the clay, several model layers would be
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Figure 10.—Possible pattern of flow in a cross section consisting
of two high conductivity units separated by a low
conductivity unit.
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Figure 11.—A cross section in which a low conductivity unit is
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required to represent that unit, as shown in the figure. On the other

hand, figure 12 shows a sand-clay system in which storage release occurs ‘
only in the sands, flow in the sand is essentially horizontal, and flow in

the clay is essentially vertical. In this case a single model layer may be

used to represent each sand, while the clay may be represented simply by

the vertical conductance between layers. This approach to vertical discre-

tization has sometimes been termed the "quasi three-dimensional" approach.

The approaches to vertical discretization described above all lead to
a set of equations of the form of (26), which must be solved simutaneously at
each time step. The differences among these approaches arise in the way
the various conductances and storage terms are formulated and, in genera],
in the number of equations to be solved, the resolution of the results, and
the accuracy of the results.* The model described in this document is
capable of implementing any of these approaches to vertical discretization
in that, as noted above, the thickness of individual layers (Avg of ‘
figure 1 and equation (24)) is never read explicitly by the program; rather,
this thickness is embedded in various hydraulic coefficients specified by
the user. For example, in confined layers transmissivity, which is the
product of hydraulic conductivity and layer thickness, is specified; and
storage coefficient, the product of specific storage and layer thickness,
is also used. For an unconfined layer, aquifer bottom elevation and
hydraulic conductivity are input for each cell. Saturated thickness is
calculated as head minus bottom elevation, and transmissivity is then
calculated as hydraulic conductivity times saturated thickness. Thus,
layer thickness can vary from cell to cell dependihg on bottom elevation
and head. Chapter 5, which describes the Block Centered Flow Package,

contains a discussion of the formulation of conductance and storage terms

corresponding to the various ways of conceptualizing the vertical discretization. ‘
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Heads in This Layer Are Not Calculated. Resistance to Flow in This Layer Is Included

in the Conductance Terms Between Layers 1 & 2.

Layer

Figure 12.—A cross section in which a low conductivity unit is
represented by the conductance between model
layers.

2-35



CHAPTER 3
PROGRAM DESIGN

Overall Structure

This chapter describes the overall design of the model program. The
program consists of a main program (MAIN) and a large number of highly in-
dependent subroutines called modules. This chapter will explain the func-
tions of MAIN and explain how the modules can be grouped into "packages"

and "procedures".

The functions which must be performed for a typical simulation are
shown in figure 13. The period of simulation is divided into a series of
"stress periods" within which specified stress parameters are constant.
Each stress period, in turn, is divided into a series of time steps. The
system of finite-difference equations of the form of equation (27) is
formulated and solved to yield the head at each node at the end of each
time step. Iterative solution methods are used to solve for the heads for
each time step. Thus within a simulation, there are three nested loops: a
stress-period loop, within which there is a time-step loop, which in turn

contains an iteration loop.

Each rectangle in figure 13 is termed a "procedure". For example,
prior to entering the stress loop, the program executes three procedures
which pertain to the simulation as a whole. In the Define Procedure, the
problem to be simulated is defined: the size of the model, the type of
simulation (transient or steady-state), the number of stress periods, the
hydrologic options, and the solution scheme to be used are specified. In
the Allocate Procedure, memory space required by the program is allocated.

In the Read and Prepare Procedure, all data that are not functions of time
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Stress Period Loop

Start
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Read & Prepare
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No

Yes
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Formulate

1

Approximate
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Output Control

Budget

|

Output

Yes

More

Stress

Periods

DEFINE — Read data specifying number of rows,
columns, layers, stress periods, and major program
options.

ALLOCATE — Allocate space in the computer to
store data.

READ AND PREPARE — Read data which is constant
throughout the simulation. Prepare the data by
performing whatever calculations can be made at
this stage.

STRESS — Determine the length of a stress period
and calculate terms to divide stress periods into time
steps.

READ AND PREPARE — Read data which changes
from one stress period to the next. Prepare the data
by performing whatever calculations can be made at
this stage

ADVANCE — Calculate length of time step and set
heads at beginning of a new time step equal to heads
calculated for the end of the previous time step.

FORMULATE — Calculate the coefficients of the
finite difference equations for each cell.

APROXIMATE — Make one cut at approximating a
solution to the system of finite difference equations.

QUTPUT CONTROL — Determine whether results
should be written or saved on disk for this time step.
Send signals to the BUDGET and OUTPUT pro-
cedures toindicate exactly what information should
be put out.

BUDGET — Calculate terms for the overall volu-
metric budget and calculate and save cell-by-cell
flow terms for each component of flow.

OUTPUT — Print and save heads, drawdown and
overall volumetric budgets in accordance with
signals from OUTPUT CONTROL procedure.

Figure 13.—Overall program structure.



are read. These data may include all or some of the following: boundary
conditions, initial heads (starting heads), transmissivity, hydraulic
conductivity, specific yield, storage coefficients, elevations of layer
tops and bottoms, and parameters required by the specified solution scheme.
Certain preliminary calculations are also made in this procedure to prepare

data for further processing.

Within the stress period loop the first procedure is terhed the
Stress Procedure. In this procedure the number of time steps (NSTP) in the
stress period and certain information to calculate the length of each time
step are read. In a second Read and Prepare Procedure, all data that
pertain to a stress period, such as pumping rates and areal recharge, are
read and processed. The time-step loop is then entered (figure 13); in the
Advance Procedure, the length of the time step is calculated and the heads
for the start of the time step are initialized. The iteration loop contains
the Formulate Procedure which determines the conductances and coefficients
for each node as required by equation (27), and the Approximate Procedure
which approximates a solution to the system of linear equations for head.
Iteration proceeds until closure is achieved or until a specified maximum
number of allowable iterations is reached. At the end of the iteration
loop, the Output Control Procedure determines the disposition of the computed
heads, budget terms, and cell-by-cell flow terms. 1In the Budget Procedure,
budget entries are calculated and cell-by-cell flow terms are printed or
recorded, as explained in a subsequent section. In the Output Procedure,

heads, drawdown, and the volumetric budget are printed or recorded.
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As shown in the preceding discussion, figure 13 provides a flow chart

for the overall program structure, a list of the various procedures, and an

indication of the sequence in which those procedures are implemented; it

also provides a flow chart for the main program of the model. The work
within the procedures--i.e., within the rectangles of figure 13--is performed
by individual subroutines, or modules, called by the main program. The

main program itself is simply an organized sequence of call statements,

most of which are coupled to "IF" tests which determine whether a module is
required. Accordingly, the main program does not itself do the work of
simulation; it merely calls the various modules in the proper sequence to

do that work. Modules which are called directly by the main program are
termed "primary" modules; those that are called by other modules are termed

"secondary" modules.

Thus the various procedures indicated in figure 13 are implemented

through individual modules; and the modules can accordingly be grouped
according to the procedure which they help to perform. As noted in Chapter
1, modules can also be grouped by "packages", where a package (for example,
the River Package, the Well Package, or the SIP Package) includes those
modules required to incorporate a particular hydrologic process or solution
algorithm into the simulation. In terms of understanding the operation of
the model, these two methods of grouping modules are both useful. The
package classification, for example, indicates which modules will be active
in a given simulation. (Modules are called by the main program only if they
are part of a package which is required in the simulation; and while some
packages are required in all simulations, most are needed only when the

hydrologic process or solution method embodied in the package is specified

by the user.) The procedure classification, on the other hand, defines the
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specific function of the module in relation to the functions of other
modules of the package. For example, several modules whose function is to
allocate space are grouped under the Allocate Procedure; each of these
modules allocates the space required for the arrays used in a single package.
If few options or features are specified, relatively few packages are
involved in the simulation, and the Allocate Procedure is handled by a
relatively small number of modules. As the options specified by the user
increase, more packages enter the simulation, and more modules are called

to complete the space allocation task.

Figure 14 illustrates the classification of modules by procedure and
by package in terms of a matrix of primary modules (i.e., modules called by
the main program). The horizontal rows in figure 14 correspond to procedures,
while the vertical columns correspond to packages. An "X" is entered in
each block of the matrix for which a module exists; absence of an "X"
indicates that the procedure in question is not required in the indicated
package. Entries marked with a subscript "S" indicate primary modules
which utilize submodules in accomplishing their function; submodules are
secondary modules which are utilized only in a single package. Entries
marked with the subscript "U" indicate primary modules which utilize utility
modules to accomplish their tasks; utility modules are secondary modules

which are available to many packages.
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Flow Component Packages

Solver
Packages
Stress Packages
B B w R R D E G S S
A C E C | R \ H | (o]
Procedures S F L H v N T B P R
Define (DF) X
Allocate (AL) X X X X X X X X X X
Read & Prepare (RP) Xu | Xus X X
Stress (ST) X
Read & Prepare (RP) X Xy X X Xy X
J
Advance (AD) X
Formulate (FM) X XS X X X X X X
Approximate (AP) Xs | Xg
Output Control (OC) X
Budget (BD) XUS XU XU XU XU XU XU
Output (OT) Xy

Figure 14.—Organization of modules by procedures and

packages.
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The primary modules are named according to a convention which indi-
cates both the package and the procedure to which they belong. The first
three characters designate the package, the fourth is a package version
number, and the last two indicate the procedure. For example, in figure
14, a module is indicated for the Well Package and Allocate Procedure.

This module is designated as WEL1AL; the first three letters, WEL, indicate
that the module is part of the Well Package; the last two letters, AL,
indicate that it performs the Allocate Procedure in that package. Thus
this module is one of those that deals with the simulation of specified
withdrawal or input, as through wells, and its particular function is to
allocate the space in computer memory used to store well data. The number
one appearing in the fourth place of the six-character module designation
is a package version number. If the package is modified to effect improve-
ments, a different integer would be used in this place to distinguish the

modified package from the original or from other modified versions.

Figure 15 shows the names of the primary modules arranged in the same
matrix format that was used in figure 14. As in figure 14, a subscript "S"
indicates that submodules are utilized and "U" indicates that utility

modules are utilized.

Submodules are designated by a six-character name in which the first
character is always the letter "S". This is followed by three characters
designating the package name, a numeral indicating the package version
number, and a one-character mnemonic to distinguish the module from other
submodules of the same package; for example, the secondary module "SBCF1C"

is a submodule in version one of the Block-Centered Flow Package. Utility
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Figure 15.—Primary modules organized by procedufe and

package.




modules are designated by the letter "U" followed by a five-character
mnemonic. For example, the secondary module "U2DREL" is a utility module

which reads two-dimensional real arrays.

Table 1 Tists the various packages documented in this publication,
gives the three-character abbreviation used in the module designation scheme,
and provides a brief description of the package operation. Two major cate-
gories of package may be recognized--the flow component packages and the
solver packages; within the category of flow component packages, a stress
package subcategory may be recognized. The flow component packages are
those which calculate the coefficients of the finite-difference equation for
each cell. This category includes the Block-Centered Flow Package, which
formulates the internal flow terms (describing flow between cells and flow
to or from storage); and the subcategory of stress packages. Each of the
stress packages formulates the coefficients describing a particular external
or boundary flow; for example, the River Package calculates the coefficients
describing flow between a cell and a surface stream. The solver packages
are those which implement algorithms for solution of the systems of finite-
difference equations. This documentation describes two packages in this
category, one incorporating the Strongly Implicit Procedure of solution,
and the other utilizing Slice-Successive Overrelaxation. The only package
which does not fit into any of these categories is the Basic Package, which

addresses a variety of tasks in support of the entire simulation.

The Block-Centered Flow Package is the only option described in this
documentation for the formulation of internal flow terms in the equations.
However, alternative packages, for example, utilizing a point centered
approach, could certainly be developed and used in place of the Block-

Centered Flow Package.
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Table 1.--List of packages.

Package Name Abbreviation Package Description

Basic BAS Handles those tasks that are
part of the model as a whole.
Among those tasks are speci-
fication of boundaries,
determination of time-step
length, establishment of
initial conditions, and
printing of results.

Block- BCF Calculates terms of finite-
Centered difference equations
Flow which represent flow with-
in porous medium; specifi-
cally, flow from cell to
cell and flow into storage.
" Well WEL Adds terms representing flow
to wells to the finite-
difference equations.
Recharge RCH Adds terms representing areally
distributed recharge to the
finite-difference equations. Fiow ‘
___ Component
River RIV Adds terms representing flow to Packages
rivers to the finite-difference
equations.
Stress
Drain DRN Adds terms representing flow " Packages
to drains to the finite-
difference equations.
Evapotrans- EVT Adds terms representing ET to
piration the finite-difference equa-
tions.
General-Head GHB Mds terms representing general-
Boundaries head boundaries to the finite-
difference equations. ___
Strongly SIP Iteratively solves the system
Implicit of finite-difference equations
Procedure using the Strongly Implicit
Procedure. Solver
T Packages
Slice- SOR Iteratively solves the system
Successive of finite-difference equa-
Overrelaxa- tions using Slice~-Successive
tion Overrelaxation,
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Similarly, additional solver packages, incorporating different solution
algorithms, could be added, as could additional stress packages. Every
simulation must include the Basic Package, the Block-Centered Flow Package
(or a suitable replacement) and a solver package. Beyond this, the pack-
ages to be included in a simulation are at the option of the user, and will
depend on the hydrologic processes influencing the problem. The individual
modules in the program have been designed in such a way that the packages
are totally independent; with the exception of the three required packages
noted above, addition or removal of an individual package has no effect on
other packages. If an entirely new package is desired, modules can be deve-
loped for each of the procedures involved (and the main program modified to
call those modules in proper sequence) without affecting other packages of

the program.

Figure 16 shows a detailed flow chart of the main program, indicating
all of the primary modules together with the tests which determine whether
or not each module 1is to be called. Figure 16 may be studied in conjunc-
tion with figures 13 and 15, and table 1, for an appreciation of the over-

all structure and operation of the model.

The overall design of the model is such that the conductance terms for
cell-to-cell flow (CC, CR, and CV of equation (26)) are formulated at the
beginning of the simulation, and are reformulated if necessary at each itera-
tion during solution. Reformulation takes place only in unconfined situa-
tions, where the conductances depend upon saturated thickness, which may
change at each iteration. At present, formulation of conductances is done
only by the Block-Centered Flow Package, although again, a replacement pack-

age could readily be developed. The lateral conductance terms (CC and (R
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modules.
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in equation (26)) are computed as harmonic means for the intervals between
nodes, using parameters specified by the user for individual cells; the ver-
tical conductance (CV in equation (26)) is calculated using information which
is specified directly for the vertical interval between nodes. The various
conductance terms are stored in arrays which are ultimately passed to the

solver package, where the matrix equations (equation (27)) are solved.

The coefficient HCOFj j k and the term RHS; j k of equation (26) are
formulated anew at each iteration, for all active nodes in the mesh. This
formulation is done progressively, as each package calculates and adds terms
for the particular process associated with that package. At the beginning
of each iteration, the values of HCOFj j x and RHSj j x are set to zero
throughout the mesh. The Block-Centered Flow Package then adds the term
-SS4,j,karjpciavi/(ty - tp1) to HOOF; j k at each node, and adds the term

=SS§,j, kAT AC{A VK
to RHS; j,k at each node. For cells that are affected by flow from a stream,
given by an expression of the form Pgj j k (hs-hj j k), where hg is the
(constant) stream head, the River package adds the term -Pgj j g to HCOFj j ks
and adds the constant term -Pgj j k hs to RHSj j k. This process continues
until each package specified by the user has added its contribution to HCOF
and RHS at each indicated node of the mesh., The HCOF and RHS arrays are
then transferred to the solver package, together with the three conductance
arrays (CC,CR and CV), an array containing heads at the beginning of the
time step, and the IBOUND array, which identifies constand head, no flow
and active nodes. The solver package sums the six conductance terms and

the value of HCOF at each node to create a single coefficient of hy j
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(corresponding to the term in brackets in equation (26)), and carries out
one iteration of the solution procedure. The various arrays used in the
solution procedure are actually stored as segments of a single one-dimensional

array, the "X" array.

As noted in Chapter 1, Chapters 4 through 13 of this document discuss
the program in terms of individual packages. Each of these chapters contains
a detailed description of a particular package, including a listing and
discussion of each module included in the package. The remainder of this
chapter describes the way boundaries, water budget calculations, space
allocation and input-output are handled in the model, and provides a brief

description and listing of the main program.

Array Boundaries and Aquifer Boundaries

As noted in Chapter 2, the model may be visualized in terms of a three-
dimensional assemblage of cells, each cell associated with a node of the
model array. The size of the model array is specified by the user in terms
of the number of rows (NROW), number of columns (NCOL) and number of layers
(NLAY); these terms define a three-dimensional array of cells in the form of
a rectangular box. In formulating the finite-difference equations, cell-to-
cell conductance terms are omitted for the exterior of cells on the outer
surface of this rectangular array. Thus considering flow along a row, a
cell-to-cell conductance term is developed for the interval between column
1 and column 2, but not for the interval to the opposite side of column 1;
similarly, a conductance term is developed for the interval between column
(NCOL-1) and column (NCOL), but not for the interval beyond column (NCOL).

Similar conventions are established in the other two directions, so that in
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effect the array is bounded externally by planes across which no cell-to-
cell flow occurs. If these boundaries of the model array, which are actually
embedded in the program, coincide with impermeable boundarjes in the aquifer,
they can be relied upon to simulate the no-flow condition along those aquifer
boundaries without further intervention by the user. In general, however,
the aquifer boundaries will be irregular in form, or will not be of a simple
impermeable character. In these cases, the aquifer boundary must be simu-
lated by specifying certain cells within the array as no-flow or constant-
head, by using external stress terms, or by using a combination of no-flow
cells and external stress terms. This was discussed in Chapter 2, and is
further discussed below. It should also be noted that while no cell-to-

cell conductance terms are formulated for the interval above the uppermost
layer of the model array, flow into this layer from above is frequently
represented in the model through external stress terms--for example, terms

representing evapotranspiration or stream seepage.

A finite-difference equation of the form of (26) is formulated for
each variable-head cell in the mesh., For constant-head cells, no equation
is formulated; however, the equation for each variable-head cell adjacent
to a constant-head ce]f contains a term describing flow to and from the
constant-head cell. For inactive no-flow cells, no equation is formulated,
and no term appears in the equation of any adjacent cell for flow to or
from the inactive cell; thus no flow is simulated across the interval

between an inactive cell and any adjacent cell.

As pointed out above, the model array as initially generated always
has the form of a rectangular box. Where the limits of an aquifer do not
coincide with this rectangular shape, inactive cells may be used to delete

portions of the array which fall outside the aquifer boundaries; this was
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discussed through an example in Chapter 2. As noted in the same example,
constant-~head cells may be used to represent such features as surface water
bodies of constant level which are in full contact with the aquifer. Bound-
aries which are characterized by a constant rate of flow into or out of the
aquifer may be simulated using a no-flow boundary in conjunction with the
Well Package, by assigning appropriate withdrawal or recharge rates to

nodes just inside the boundary. Boundaries characterized by inflow which
varies in proportion to head can be simulated using the General Head Boundary
Package or the River Package, where these again are applied to nodes just
interior to a no-flow boundary. Use of the River Package would involve
specifying artificial streambed conductance and stream-head values at each
cell along the boundary, where these values are deliberately chosen in such

a way as to duplicate the required head-flow relationships.

Constant-head cells, inactive cells and variable-head cells are distin-
guished from one another in the model through the IBOUND array, which
contains one element for each cell in the mesh. The entry in the IBOUND
array for a given cell indicates the type of cell according to the following
convention:

IBOUND (I,J,K) <0 . . . .Cell I,J,K is constant head
IBOUND (I,J,K) =0 . . . .Cell I,J,K is inactive
IBOUND (I,d,K) >0 . . . .Cell I,J,K is variable head

The 